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Let f(r,p,t) (p>t>1, r>2) be the maximum of the cardinality of a minimum transversal
over all r-uniform hypergraphs H possessing the property that every subhypergraph of ‘H
with p edges has a transversal of size t. The values of f(r,p,2) for p=3,4,5,6 were found
in [1] and bounds on f(r,7,2) are given in [3]. Here we prove that f(r,p,2) < L3 55— mm5y
for large p and huge r.

1. Introduction

A transversal of a family F of sets is a subset of Jpcz F' meeting all mem-
bers of F. The smallest cardinality 7(F) of a transversal of F is called the
transversal number of F. For a hypergraph H = (V,€), a transversal is a
transversal of £.

Say that a family B possesses the property (p,t) if 7(F) <t for every
F C B with |F|=p. Property (p,1) means that any p members of B have a
common element. Erdés, Hajnal, and Tuza [2] raised the following problem:

For given integers r, p, and t (p>t>1,r>2), determine the largest value,
f(r,p,t), of T(F) taken over the class of r-uniform families F possessing the
property (p,t).

It is known that f(r,p,1) = [r/(p—1)] (see, e.g. [5, Ex.13.25(b)]). For
t>1 the picture is less clear. Erdés, Fon-Der-Flaass, Kostochka, and Tuza [1]
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determined the exact values of f(r,p,2) for 3<p<6 (in particular, f(r,6,2)=
r) and proved the following general bounds.

Theorem A [1]. (i) For every r,p and t, f(r,p,t)>rp~/;
(ii) for r>p>2', f(r,p,t)<t [T(I_pl/tj — 1)*1]

It appeared that for p=3,4,5,6, the ‘worst’ hypergraphs with property
(p,2) are complete r-uniform hypergraphs, i.e. if h(r,p,t) is the maximum n
such that the complete r-uniform hypergraph K, possesses property (p,2),
then f(r,p,2) :T(Kg(r7p72)) =h(r,p,2)—r+1. The lower bound in Theorem A
also was obtained from bounds on h(r,p,t). This suggested that f(r,p,2)=
T(K;;(mm)) = h(r,p,2) —r+1 for every p and large r, but this is not the
case. It was proved in [3], that for k>10, f(4k,7,2) >3k+1 while the worst
complete 4k-uniform hypergraph possessing property (7,2) has transversal
number 3k. It was also shown in [3] that f(r,7,2)<[%].

In spite of the examples for f(r,7,2), Erddés thought that probably for
large r and fixed p and t, complete r-uniform hypergraphs are ‘close’ to the
‘worst’ ones. The first problem in [1] was stated as follows:

Prove or disprove that h(r,p,t) > (1—o0(1))f(r,p,t)+r when r tends to
infinity while p and t are fixed.

The aim of this paper is to supply evidence in favor of Erdos’ insight for
t=2. We prove

Theorem 1. If p<0.01r%/3, then
3v3 r <13 r
4 yp—olyp) ~  VP—o(yp)

: r 2r
Recall that Theorem A gives 7 < f(r,p,2) < To=o(p) and the lower

f(r,p,2) <

bound is given by h(r,p,2).

The structure of the paper is as follows. In the next section we prove (for
completeness) a folklore lemma on covering edges of complete graphs, restate
Theorem 1 in a form more convenient for the proof and start the proof. In
Section 3, we derive useful properties of ‘large’ subfamilies of a hypothetical
counterexample to the theorem, and in Section 4 finish the proof of the main
result.

2. Preliminaries

The following result by Iwaniec and Pintz [4] will be helpful.
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Lemma 1. [4] There exists ng such that for every real x >ny, the interval
[z —2%3/42 2] contains a prime number.

Lemma 2. Let 2r%/3 < f <r. Then to cover all the edges of K, by f-vertex
subsets, (r/f)?+o((r/f)?) of those subsets suffice.

Proof. Let x =r/f be sufficiently large. Then by Lemma 1, there exists
a prime ¢ € [z + 1,z + 222%/*2). Partition V(K,) into ¢%>+ ¢+ 1 subsets
Vi, . Vozqgyr of cardinalities | 775 and [ ]. Let Fy be a pro-
jective plane of order ¢, whose lines are Li,...,Ls 1, and points are
Ulyeeey Vg2 qgt1- FOT 4= 1,...,¢> +q+1, let L’ be obtained from L; by re-
placing every v; € L; by the set V;. Then, by the construction, the sets

’1,...,L/q2+qJrl cover all the edges of K,. Since ¢ < z+ 2223/42 < ¢1/3_ for
each 17,

r r(g+1)

L < -+1{ W<
ILil < (a+1) @?+q+1 @?+q+1
r rg+2)

T
_ _ 1< 1—
q—1 (617—1)(612+q+1)Jqur _$+(Q+

Note that the number of sets is ¢>4 ¢+ 1< (z+2223/42)2 41 4-2223/42 4 1=
22 +o0(z?). This proves the lemma. |

+qg+1=

r(g+2)
3

)<

The main result of the paper will be easier to prove in the following form.

Theorem 2. Let 10r?/3 < f < r and B be a family of r-element sets. If
7(B)> f, then

27 12 r2
(1) 3 F C B such that 7(F) > 2 and |]:|§EF+O<F>'

Since we are interested only in large f and r/f, we will prove Theorem 2
for r and f such that % and ﬁ are integers. That would save us some floors
and ceilings.

So, let B be a family of r-element sets with 7(8B)> f. In the next section
we show that (1) holds if B contains some subfamilies of special kinds.

3. Subfamilies of B with large transversal number

For each family D and set A, we denote

Dya={BeD|BnA=0}



278 ALEXANDR V. KOSTOCHKA

Lemma 3. If there exists B'C B with 7(B')> f/3 such that |A; N Ay| > Sr
for every Ay, As € B, then (1) holds.

Proof of Lemma 3. Assume that such B’ C B exists. Fix A € B'. Let
{A1,...,As} be a minimum family of subsets of size f covering all pairs of
elements of A. By Lemma 2, s=(r/f)?+o((r/f)?). Since 7(B) > f, for each
i=1,...,s, there exists H; € By,.

Partition A into 3r/f parts A(j), j=1,...,3r/f of size f/3. Since 7(B') >
f/3, for each j=1,...,3r/f, there exists B; EB;(j). For every j, since under

72
Ajji= 1,...,% of size at most 2f/3. Since, for each i, [A(j) U A; ;| < f,
there exists Cj; €Ba(jyua, ;-
Define F = {A} U {B; | j = 1,....3r/fY U{Ci;j | i = 1,..., 5555 =
1,...,3r/f}U{H;|i=1,...,s}. Then

Fleie e (3)2+o<<3)2> :ﬁﬂ)(ﬁ)
- f16f2 ! ! 162 7))
Suppose that there are two elements a and 3 meeting all the members
of F. At least one of them (say «) belongs to A. If 3 € A, too, then one of
H; is not covered. So, §¢ A. By construction, there exists A(j),1<75<3r/f,
such that a € A(j). In order to cover Bj, it is necessary that € B;j\ A. Let

B € A;j. Then {a,B} does not meet C;;, a contradiction. This proves the
lemma. |

conditions of the lemma, | B;\ A| <3 we can partition B;\A into % parts

Lemma 4. If there exists B'C B with 7(B') > f /3 such that
1
(2) ‘Al NAsN Ag‘ > i—OT for every A, As, Ag € B/,

then (1) holds.

Proof of Lemma 4. Assume that such B’ C B exists. Let D1,Dy € B’ be
such that ‘Dl ﬂD2| :min{\Al ﬁA2| 1A, A € B/}

Let 2=21|DyNDy|. If 2> &, then by Lemma 3 we are done. Let

31 61
— < zx< —.
40 — T 72
Let {A1,..., A} be a minimum family of subsets of size f covering all pairs

of elements in DyNDy. By Lemma 2, s=(zr/f)?4o0((r/f)?). Since 7(B) > f,
for each i=1,...,s, there exists H; € B4,.
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Partition D; N D; into [35”"} parts A(j),j=1,... F’ﬂw of size at most

f f
f/3. Since 7(B') > f/3, for each j=1,..., [335’"} there exists B; EBA(J) By
(2), for every j,
9r
|B; \ (D1 N Dy)| < 0
Partition every B;\ (D1ND3) into at most [%A arts Ay j, k=1,. [%W

of size at most 2f/3. Since, for each k, |A(j) U Ay ;| < f, there exists C}, j €
Bagyua,;

Now for i = 1,2, partition D; \ D3_; into [MW parts A(j,1),j =
1,..., [MW of size f/2. Since 7(B) > f, for each ji,j2, there exists
B(j1,52) € Ba(ji 1)uA(s,2)- Let

F ={D1,D2} U {Bj’j_l"”’{?)%-‘}

u{c,w-\k—1,...,{%w;j—1,...,{3$]}
u{B(jl,]é)yjl,j2—1,...,[M]} U{H |i=1,.. s}

Then

\f|§2+(1+%7x)+<1+%7x> (1+%)+(1+M)2+

2 2 2 2
H(5) 4o (G)) - (5 s0-ome ) o)
Let g(x) = %—6’3—}—4(1—@ + z2. Since 31 <z< %,
max{g(%) ,g(%)}. Now,

61 81 -61 112 61\ 2 27
q (_) = +4 (-) + (—) < 0.858 +0.094 +0.718 = 1.67 < —,

we have g(z) <

72 80 - 72 72 72 16
31 81-31 92 31\2 2511 + 648 + 1922 27
40 80 - 40 40 40 3200 16

Suppose that there are two elements a and 3 meeting all the members of
F. At least one of them (say «) belongs to D;. Suppose first that o€ D1ND,
say a € A(j). If € D1ND3, too, then one of H; is not covered. So, 5¢ D1NDs.
In order to cover Bj, it is necessary that € B;\ (D1 NDsy). Let 3 € Ay ;.
Then {a, 3} does not meet C}, ;, a contradiction.
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Thus, we may assume that a€ D1\ D9 and that 3¢ D1ND; (otherwise we
swap the roles of @ and (3). Then € Dy\Dy. If o€ A(j1,1) and B € A(j2,2),
then {a, 8} does not meet B(ji,j2). This proves the lemma. |

The following lemma has a similar proof.

Lemma 5. If there exists B'C B with 7(B') > f /3 such that
3
(3) Ay N Ay Asn Ayl > ZT for every Ay, As, As, Ay € B,

then (1) holds.

Proof of Lemma 5. Assume that such B’ C B exists. Let Dy, Do, D3 BB’
be such that |D;NDyND3|=min{|A1 N AsNAs|: A1, Ay, A3 B'}.
Let y= %]Dl NDyNDsg|. If y > %, then by Lemma 4 we are done. Let

- <31
SY> 0

=]

Let {A1,..., A} be a minimum family of subsets of size f covering all pairs
of elements in D1 N DyN D3. By Lemma 2, s = (yr/f)?+o((r/f)?). Since
T(B)> f, for each i=1,...,s, there exists H; € Ba,.

Partition DN Dy N D3 into Pﬁw parts A(j),7=1,..., Pﬁw of size at

f f
most f/3. Since 7(B') > f/3, for each j=1,..., P%—‘, there exists B; EB;‘(J')'
By (3), for every j,
,
1B\ (D1N Dy Dy)| < 7.
Partition every B;\(D1ND2ND3) into at most B_ﬂ parts Ay j, k=1,..., [83—;-‘

of size at most 2f/3. Since, for each k, |[A(j) U A
BA(j)UAk,j'
Let z=1(|D1NDs|—|D1NDaNDs)). For i=1,2, partition D;\ D3_; into
2(1—y—2)r 2(1—y—2)r
f f

| < f, there exists Cy ; €

=

W parts A(j,3),j = 1,...,[ W of size at most f/2. Since
7(B) > f, for each j1, 72, there exists B(j1,72) € Bagj;,1)uA(,2)-

Finally, partition D1 N Do into [2%—‘ parts M(j,1,2),5=1,..., [2%—‘ of
size at most f/2 and partition D3\ (Dy N Dy N D3) into {M—‘ parts
M(5,3),j=1,..., [MW also of size at most f/2. Since 7(B) > f, for each

J1,J2, there exists L(j1,j2) € Bar(j,,1.2)uM(js,3)-
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Let

f:{Dl,DQ,Dg} U {B |]—1

it Bl
U{B(j17j2)|j1’j2_1""’[2( ?JJ” Z)T-‘}

u{L(jl,m|j1—1,...,[2$];jz—l,...,{MH
U{H|i=1,...,s}.

Then

\f|s3+(1+3’“7y)+<1+?”“7y)< 24 (142 _y_z) )2+
5 i
ﬁ(%’ﬂﬂ—w " o).

):9_y_|_4(1_y)2+y Slnce%_ —i_o we have g(y) <

<3)_27+4<1>2+<3)2_27+4+9 26.5

I\1) ™ 3 1 1) “32716 16 16

31 9.31 92 31\2 1395 + 324 + 961 _ 27
(40) 840 (40) (40) 675 <

1600 16

Suppose that there are two elements a and § meeting all the members
of F. At least one of them (say «) belongs to Dj. Suppose first that « €
DN DyN D3, say o€ A(j). If 8€ D1 N DsN D3, too, then one of H; is not
covered. So, f ¢ D1 N DyNDs. In order to cover Bj, it is necessary that
B € B\ (DiNDyNDs). Let € Ay ;. Then {c,3} does not meet Cj ;, a
contradiction.

Thus, we may assume that a € D;\ (D20 D3) and that 3¢ DN DaN Ds.
Suppose that o€ (Dl ﬂDg) \ (Dl NDy ﬂDg). Then G € D3 \ (Dl NDy ﬂDg). If
say, « € M (j,1,2) and € M(j2,3), then {a, 3} does not meet L(j1,752).

Finally, assume that a« € D1\ Dy and that ¢ Dy N Ds. Then S€ Do\ Ds.
If « € A(j1,1) and B € A(j2,2), then {«a,3} does not meet B(ji,j2). This
proves the lemma. ]
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It seems that the trick used in the proofs of Lemmas 4 and 5 does not
work further, so we use a bit different twist.

Lemma 6. Suppose that there exists B” C B with 7(B")>2f/3 such that
(4) |A;N...NAg| > 0.5 forevery Ay,...,Az€ B’
Then (1) holds.

Proof of Lemma 6. Assume that such B” C B exists. Let Dy, Do, Ds,
DyeB” be such that |[D1N...NDy|=min{|A1N...NAy|: Ay, Ay, A3, Ay e B"}.
Let y:%|Dlﬂ...ﬂD4|. If y>3/4, then by Lemma 5 we are done. Let

3

<y<-—.
_y_4

NN

Let {A1,...,As} be a minimum family of subsets of size f covering all pairs
of elements in Dy N...NDy. By Lemma 2, s = (yr/f)?+o((r/f)?). Since
7(B)> f, for each i=1,...,s, there exists H; € Ba,.

Assume first that there exists a set M with |M|< f/3 such that for every
Bl,BQ,Bg,B4EBK/I,

|(Blﬁ...ﬂB4)\(D1ﬂ...ﬁD4)‘ 27"/4.
It follows then from (4) that for every By,...,Bs€ B,
|[BiN...N Byl >r/2+71/4=23r/4

Since 7(BY;) > f/3, Lemma 5 implies (1). Therefore, we may assume that
for every M with |M|< f/3, there exist B,,..., B}, €BY,, such that for the
set Sy =(Bi,;N...NBY,)\(D1N...NDy) we have |Sy| <r/4.

Partition Dy into 143r/f parts A(j), j=1,...,143r/f of size at most f/3
sothat for j=1,...,[3ry/f], A(j) C D1N...NDy, and for j=14+[3ry/f],..., 1+
3r/f, A(j) C D1\ (D1N...NDy). Partition every S,(;y into at most g’—; parts
A(j,i) of size at most 2f/3. Since 7(B) > f, for every j and i, there exists
B(j,i) € Bagjyuag,iy- Define F={Dy,..., Dy} U{H;|i=1,.. s} U {BA(j |

k:1,2,3,4;j:l,...,1+3r/f}u{B(j,z')u:l,...,g’—;;jzl,...,1+3r/f}.
Then

Az ()i (7)) - Gor) ()

Since y<3/4, \7:|<%;2+ (fQ)
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Suppose that there are two elements « and 3 meeting all the members of
F. At least one of them (say, ) belongs to D; (say, a € A(j)). Suppose first
that ae D1N...NDy. If € D1N...N Dy, too, then one of H; is not covered.
So, B¢ D1N...NDy. In order to cover Bil(j), ...,Bj(j), it is necessary that
BE Sy Let B€ A(j,7). Then {a, 3} does not meet B(j,7), a contradiction.

Thus, we may assume that o € D1\ (D1N...NDy) and that B¢ DiN...NDy
(otherwise we swap the roles of a and ). Then again 3 must be in S,
and the pair {«, 3} does not meet some B(j,7). This proves the lemma. [

4. Proof of Theorem 2

Assume first that for every set M with |M|< f/3, there exist By,...,Bi2 €
Bas such that,
3r
|B1ﬂ...ﬂ312| < g

Fix an arbitrary By € B and divide it into 3r/ f parts By(j), j=1,...,3r/f
of size f/3. By the assumption, for each j=1,...,3r/f, we can choose

3r

1 12 1 12

(5) Bj,...,B;” € Bp,(j) suchthat [B;N...NB; \§§

Divide Blﬂ ﬂB12 into 9_7"f parts A;j,i=1,..., 196’} of size at most 2f/3.

Since, for each 1, |B0( ) U A j| < f, there exists C; j € Bp,(j)ua, -
Define

F={Bo} U{B} |k=1,...,12; j=1,...,3r/f}
. Ir .
U{Cl,j|2215’16f7] 3T/f}

Clearly, |F| <143 4 3305 = 200 4o (%),

Suppose that there are two elements a and § meeting all the members
of F. Some of them (say «) belongs to By. By construction, there exists
By(j),1<j <3r/f, such that o € By(j). In order to cover B}, Bl2, it is
necessary that (§ € le» ...ﬂBjm. Let B € A;j. Then {a,3} does not meet
C;,j, a contradiction. Therefore, the assumption was wrong.

For every set M with |[M| < f/3, let y(M) = min{|A; N...N Ao :
Aq,...,Ap € BM} Let My with ’MO‘ < f/3 be a set with y = y(MQ) =
max{y(M)||M|< f/3}. By above, y> 3.

Let Dy,...,Dg€ By, be such that

z = ‘Dlﬂ...ﬂDgy :min{\Alﬂ...ﬂAgf : Aq,..., Ag EBMO}.
By Lemma 6, y<z<r/2.
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CASE 1. There exists M C D1\ (D1N...NDg) with |M|< f/3 such that for
every By,...,Bs€Bn,um,

3r
|(B1ﬂ...ﬁB4)\(D1ﬂ...ﬁD8)|Zz_y,

Then by the definition of y, for every By,...,B1€ By,unm,
3r
|BiN...N Byl >y+ <Z—y) = 3r/4.

Thus by Lemma 5, we are done.

CASE 2. For every M C D;\ (D1 N...NDg) with |M| < f/3, there exist
Bi,,..., B3 € B, uar, such that for the set Sy = (B},N..NB3,\(D1N...NDg)
we have |Sy| <2 —y.

Partition Dy into 143r/f parts A(j), j=1,...,143r/f of size at most f/3
so that for j=1,...,[3z/f], A(j) C D1iN...NDg, and for j=1+[3z/f],...,1+
3r/f, A(j)C D1\ (DaN...NDg). For j=1+[3rz/f],...,1+3r/f, partition

every S ;) into at most [W

W parts A(j,7) of size at most 2f /3. Since
7(B) > f, for every j and i, there exists B(j,i) € Bagj)ua(,i)- For every
j=1,...,[3z/f], by the definition of y, there exist B},...,B}2 € By, such
that for the set T} :B}ﬂ...ﬂB]u, we have |T;| <y. Partition every Tj into
at most B—ﬂ parts A(j,i) of size at most 2f/3. Since 7(B) > f, for every j
and 4, there exists C(j,i) € B(j)u a(j,i)-

Define F = {D1,...,Dg} U {Bg(j),| k=1,2,34;5=1+[32/f],...,1+
3r/fU{BG) [i=1,..., 2000 =14 [32/f],... .14+ 3r/f} U{BY,
k=1,...,12;j=1,...[3z/f]} U {C(j,z')u:l,...,{g—ﬂ =1, [3z/f1}.

Then

]}"\§8+<m+4)+<3(r_2)+1> ’Vm-‘ﬁ-"@-‘—i-

B F{ﬂ 9 )(0:5 ey
712 =3 r — 2)(0.75r y)+zy)f2—|—o<f2>.

Since the function g(y,2) = 3((r — 2)(0.75r —y) + zy) is linear in z and
y<z<r/2, we have g(y,z) <max{g(y,y),9(y,5)}. Clearly,

r 9 (r yr 9 32 272
1(v5) =3 (50 v+ ) =3 5 =T
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Consider g(y,y) = 2((r —y)(0.75r — y) +y?). Since it is quadratic in y, it
attains its maximum either at y= %T’ or at y=35. But

(3r 3r>_9 5r 3r+9r2 _27r?
I\8' %) 2\8 8 "6a) 16

ror 9 (r r r? 2712
g<2’2>_2 217 %) T 160

Therefore, |F|< %g}i +o (;—z)
Suppose that there are two elements o and 8 meeting all the members
of F. At least one of them (say «) belongs to Dy. Then a€ A(j) for some j.
If 1<j<[3z/f], then 8 must belong to Tj:B}ﬂ...ﬂB]u, say f€ A(j,1). In
this case {«, 3} does not meet C;;, a contradiction. So, we may assume that
[3z/f1+1<j<3r/f (ie., a€ D1\ (D1N...NDg)) and that ¢ Di;N...NDs.
Then 8 must be in S,(;) and the pair {a,3} does not meet some B(j,1).
This proves Theorem 2. |

and

Remark. One can slightly improve the factor % in (1) along the lines of

the proofs. But it would make the proofs more complicated and it seems
that to make the factor 1+0(1) one needs an additional idea.
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